Abstract In this paper, we propose a 'scaling' approach to compare the scientific performance of Italian heterogeneous academic disciplines. This method is based on the idea that, after eliminating the percentages of 'silent' researchers, the distribution of bibliometric parameters of the different academic fields can be superimposed and collapse into a unique master curve by a single scaling parameter. By using data on the scientific production of around 2,500 scholars of the university of Rome 'La Sapienza' from the Web of Science from 2004 to 2008, we (i) demonstrate the existence of a master curve, (ii) determine the scaling factors that work like rates of substitution to compare the scientific production across different academic fields on a common ground, (iii) show that the master bibliometric distribution follows a log-normal law and (iv) illustrate the relevance of the proposed approach for research assessment and allocation of competitive funding at the university level.
Introduction
Besides the changes in economic conditions, the recent rapid changes in national systems of research and innovation are challenging European universities aiming to play a distinguishable role within the national economy. In this new context, universities are facing a period of extraordinary change and transition, characterized by an increasing number of missions to accomplish while attempting to develop a more business-oriented behavior focused on competition.
In Europe, governments and national agencies for the evaluation of research activity are increasingly introducing elements of competition. Research funds are increasingly being allocated according to measures of 'success' in research activities. Consequently, European universities 1 are learning how to compete (Deiaco et al. 2009 (Deiaco et al. , 2012 . This is particularly true for Italy where, historically, the evaluation of research outcome has never been accepted as a ground for allocating funds. Nevertheless, the second national research evaluation exercise is underway and its results will be used to grant a significant share of the governmental funds to universities. It is also planned that this share will be continuously increased over the subsequent years. 2 Besides the issue of funds allocation, the Italian Ministry of Education (MIUR) and the Italian National Agency for the Evaluation of Universities and Research Institutes (ANVUR) recently introduced some bibliometric parameters, based on the number of publications and citations, for the evaluation of candidates and the selection of evaluators for the national scientific qualification. In addition, ANVUR identified some Italian Academic disciplines as ''bibliometric'' (ANVUR Delibera n. 50 of 21 June 2012), that is measurable using bibliometric data.
In fact, Italian universities are undergoing rapid changes in their governance, propelled by the current macroeconomic situation and the recent laws 3 and are starting to implement the new laws for developing internal systems of performance assessment.
Regarding the assessment of performance, one critical issue is the comparison of different academic research fields, each with its own 'fertility', that is, publication practices and features. The existence of different kinds (or levels) of scientific production among different disciplines is self-evident and this has also been recently confirmed by the League of European Research Universities (LERU 2012, p. 11) , 'Bibliometric outputs/outlets differ between disciplines.
[…] These differences need to be taken into account in assessments in these areas'.
Comparing the production of research in various scientific fields is a very important issue that is often neglected in the literature. Employing the scientific output produced by each subject area as a measure or basis for the distribution of funds is crucial for research and evaluation policy at the university level. In fact, a fair comparison should consider the existing differences in scientific production among heterogeneous academic disciplines. The present paper aims at proposing a bibliometric methodology to compare the performance of the different Italian academic fields by considering their own specificities. Our study is based on a 'scaling approach', which is typical of the science of complexity; however, here, it has been applied to compare the heterogeneous scientific production of Italian academic disciplines 4 .
1 For a comparative analysis on European universities microdata, see Daraio et al. (2011) .
2 For a macro bibliometric analysis of Italian science with respect to the main European countries over the period 1980-2009 and its implications in terms of funding, see Daraio and Moed (2011) . 3 In particular, Article 6 paragraph 7 of Law n. 240/2010 states that it is the 'exclusive competence of the university to evaluate positively or negatively the activity of individual researchers', and Article 5, paragraph 1 of Law n. 240/2010 establishes the 'enhancement of quality and the efficiency of universities and consequent introduction of incentive schemes in the distribution of public resources on the basis of criteria defined ex-ante'. 4 For a general presentation and rich empirical evidence on universities as autonomous decision-making units within their institutional contexts and Italian university performance within the European landscape, see Bonaccorsi and Daraio (2007a, b) and Daraio et al. (2011) .
The main advantage of this approach, compared to the standard normalization of productivity indicators by discipline, is that it enables comparisons across disciplines without requiring access to the entire underlying bibliometric database. Once a general law that describes the scientific production of different academic disciplines is established, it enables the estimation of a sort of rates of substitution among the scientific production of different academic disciplines and consequently the comparison of heterogeneous fields on a common ground. Then, this general law can be used with the estimated scaling factors for research evaluation, without requiring the entire underlying bibliometric database.
The data analyzed refer to the scientific production of approximately 2,500 academics from the university of Rome 'La Sapienza'. The university of Rome 'La Sapienza' is not only one of the oldest but also the largest university in Italy (and in Europe, when longdistance learning universities are not considered). It accounts for approximately 7 % of the total Italian academic staff 5 . Interestingly, the approach proposed in this paper is currently employed by the university of Rome 'La Sapienza', within an articulated system of performance evaluation, to allocate resources in departments and schools.
Each Italian academic staff member (scholar) belongs to an academic disciplinary sector (called 'Settore Scientifico Disciplinare' in Italian; referred to as SSD hereafter). We analyze the 'bibliometric' academic disciplinary sectors 6 which are reported in Appendix. In this paper, we choose the SSD that each single scholar belongs to as the relevant unit of analysis. The SSD is a reasonable level of analysis for dealing with the heterogeneity of scientific production. However, undoubtedly, this level of analysis does not resolve all problems because SSDs themselves could have internal heterogeneity. Moreover, from the perspective of research, a more relevant unit of analysis might be the laboratory (KnorrCetina 1995; Laredo and Mustar 2001) or the research group level, rather than the department or university. However, as observed by van Raan (2008) , obtaining data at the research group level is not a trivial matter. Finally, SSDs aggregate homogeneous disciplinary sectors for research evaluation purposes. Moreover, this level of analysis can be further aggregated at different levels, for example, department level and macroarea level (called in Italy Area CUN level).
We show the usefulness of our approach to allocate funds at the university level in ''Some illustrative examples of the usage of our approach'' section.
The paper is organized as follows. ''Previous literature and our approach'' section presents our approach and describes how it contributes to previous literature. ''Data'' section introduces the data and main bibliometric indicators used in the analysis, whilst ''Method and analytical expression of the law'' section describes the methodology employed in this study. ''Empirical results'' section reports the main results. ''Some illustrative examples of the usage of our approach'' section provides some examples of how our approach could be used in research assessment. ''Correlations between publications and impact indicators'' section analyzes the relationships between publications and impact indicators. ''Towards a general (non-empirical) distribution law'' section reports the distribution law calculated on the whole sample of scaled data. Finally, ''Conclusions and further developments'' section concludes the paper and outlines scope for further research.
Previous literature and our approach
Quantitative studies of science have investigated the distribution of bibliometric indicators (publications and citations) since the seminal works of Lotka (1926) , Naranan (1971) and Price (1976) , finding power law characteristics of the science system. More recent empirical evidence can be found in Seglen (1992) , Redner (1998 ), van Raan (2006 , Radicchi et al. (2008) , Glanzel (2010) , Albarran et al. (2011) and Evans et al. (2012) . Hence, there is sufficient empirical evidence to indicate that the distributions of bibliometric indicators are highly skewed 7 . The presence of power laws might indicate that the underlying generating process is neither regular nor stochastic; power laws could imply the existence of ''self organized'' criticalities (Bak et al. 1987) , or of ''edge of chaos'' dynamics (Langton 1990 ). However, the exact mechanism behind the empirical laws found in the literature is still far from being completely understood, even if some attempts have been made in the literature (van Raan 2001) .
The main purpose of this paper is to investigate the distribution of bibliometric indicators according to a scaling approach.
In this paper, we are not focusing on the ultimate mechanisms giving rise to these simple distributions (nor on their specific mathematical expressions, although in the final section, we provide a specific distribution law) but rather on showing that a scaling approach, typical of statistical mechanics in physics and, more generally, of the science of complexity, could be particularly useful for comparing the scientific production of heterogeneous academic disciplines in the Italian case.
If an empirical general law is found, which can model different or heterogeneous disciplines (SSDs in the Italian system) by few specific discipline-dependent parameters, then it will be a source of useful information. For example, an empirical general law for predicting (estimating) the number of papers (or citations) that need to be produced (received) per year by a scholar of a specific SSD to reach the median values and/or the number of papers (or citations) that need to be produced (received) to be in the top 1, 10 or 25 % of their specific SSD distribution. The reference to median values is institutionally important because it is considered by the Italian law in the national scientific qualification committee and to apply for obtaining the national scientific qualification.
Specifically, this work has a threefold contribution to the existing literature. Firstly, from a methodological perspective, we propose a scaling approach for research evaluation purposes, that is, for the comparison of scientific performance across different academic fields. Differently from previous works that applied a scaling approach to investigate the distributions of bibliometric indicators (Radicchi et al. 2008; Evans et al. 2012 ), we applied a scaling approach on percentile rankings built on bibliometric indicators. Given that percentile rankings are a monotonic transformation of the underlying bibliometric indicators, the existence of scaling (i.e. the presence of one general scaling factor) on the percentile ranks also implies the existence of scaling on the underlying bibliometric indicators. Our strategy is particularly useful for research assessment because percentile ranks are a simple way to illustrate the proposed approach to the scholars whose performance has been compared. In addition, departing from the existing literature, we investigate the existence of scaling by considering the cumulative distributions of the bibliometric parameters, instead of their densities. Working on the cumulative distributions (instead of densities) enables better investigation into the existence of scaling when small and noisy samples are available. 8 Secondly, from an empirical perspective, we show that the heterogeneous bibliometric distributions of different Italian academic fields collapse into a unique master curve, which differs only for a single scaling parameter. Subsequently, we estimate the scaling factors of different Italian scientific disciplines. These scaling factors represent a comparable value of a scientific parameter (publications, citations and Impact factors) of a discipline with respect to other disciplines.
Thirdly, we illustrate the potential usefulness of the proposed approach for the allocation of funding at university level through two examples: an enlarged Gospel-based model of resource allocation and a model based on a system of passes.
Data
In this section, we describe the data and the main indicators used in the analysis.
We focus on three different indicators of a researcher's scientific production. These are identified by the symbol eðe 2 fP; C; IFgÞ 9 and are listed below. Each indicator has been measured over the five-year period [2004] [2005] [2006] [2007] [2008] and the values considered are their yearly averages:
• PUB, number of publications authored by a scholar;
• IF, sum of the Impact factor of the journals in which articles authored by a scholar are published; the Impact factor of a journal has been divided by the median of all journals' Impact factors in the same subject category.
• CIT, total number of citations (including self-citations) of the scholar's publications; the citations of a publication have been divided by the median number of citations of all Italian publications, of the same type and year falling in the same subject category. ) has been applied to the raw data obtained from the WoS database for reconciling the authors' affiliation and disambiguation of the true identity of the authors, and each publication (article, review and conference proceeding, according to WoS definition) is attributed to the university scholar who produced it. The attribution of publications to university scholars has been done according to an integer counting, that is, a paper written by several authors was counted as one publication for each author without considering authors' order. Further, a manual inspection and check 8 When the data are noisy (because we have a small sample and consequently small numbers) the calculation of cumulative distribution, by definition (Grimmett and Stirzaker 2001) , will yield larger numbers and reduce the percentage error. 9 Where P stands for publications (PUB), C stands for citations (CIT) and IF for Impact factor. 10 The indicators have been obtained by Sapienza university under a commercial agreement from Research Value S.r.l., which elaborated the data under license from WoS of Thomson Reuters. We did not have access to the database on which the indicators have been calculated; therefore, we were unable to calculate additional or different bibliometric indicators than those provided by Research Value.
was conducted for all scholars who in the period 2004-2008 did not have any publication in WoS or presented an average annual output in WoS higher or lower than 20 % of the data provided by departments. A total of 983 scholars were manually inspected and 1,703 publications that were wrongly attributed were corrected 11 . In the elaborations, we only included those SSD's that showed enough activity in the Italian context; that is, of the Italian scholars present in the SSD, at least 50 % should have published at least one paper in WoS during the period [2004] [2005] [2006] [2007] [2008] .
The list of SSDs is reported in the Appendix.
In this paper, we analyze data on 2,471 scholars of the university of Rome 'La Sapienza'. We also have each of these scholar's ranks in the Italian university system for each indicator eðP; C; IFÞ: In the elaborations described in the subsequent sections, we also used the information related to the ranks of Sapienza scholars in the Italian university system. Apparently, Sapienza is well representative of the Italian distributions (see e.g. Fig. 7 , which shows the distributions of Sapienza scholars in the Italian national percentile, by SSD). Finally, IF, the Impact factor indicator considered, is field normalized at the international level (on all the median values of the journals by subject category). Therefore, we consider the Sapienza sample as fully representative of the Italian university system.
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Method and analytical expression of the law
This section presents the methodology employed in the computations. As stated in the Introduction, we propose a scaling approach, typical of statistical mechanics (see e.g. Ma 1976 for an extensive methodological explanation), to identify the existence of scaling parameters that work as rates of substitution (a type of exchange rates) to compare different academic disciplines. If the scaling parameters exist and are unique, then we can compare different academic disciplines in terms of their scientific performance on a common ground. It is worth emphasizing here that the analytical law that we estimate with our approach is empirically-based, meaning that the distribution equations proposed by us follow the 'evidence', that is, the empirical distributions.
A natural way to represent the scientific standing or performance of a population of scholars is given by percentile ranks. Percentile ranks are usually calculated with respect to a given group. Expressing that a physician's average annual number of publications (PUB) is 5 is different from saying that a physician has a percentile score of 95 in his/her SSD; in the latter case, we know that the PUB for this physician is above 95 % of all in his/her SSD. Both numbers (PUB and percentile rank) provide different information and could be relevant in different contexts. In the context of the current study, it may be more appropriate to use percentile ranks for the following two reasons: firstly, percentile ranks are very easy to explain when the scientific productivity of scholars across academic disciplines has to be compared. Secondly, for the analysis that follows, we used the information related to the ranks of Sapienza scholars in the national rankings of their academic disciplines (SSDs) and therefore, we reduce the limitations of the available small sample size. Hence, we look for the existence of scaling by investigating the distribution of the percentile ranks of the bibliometric indicators (PUB, IF and CIT). Undoubtedly, percentile ranks are a monotonic transformation of the underlying values of PUB, IF and CIT, and therefore once we have proved the existence of scaling on the percentile ranks, it also holds on the values of PUB, IF and CIT.
Rationale of the approach
The modeling principle followed in the empirical fitting of the data is based on two general ideas about the possible sources of heterogeneity of academic fields' production that are detailed below. In our framework, SSDs mainly differ by:
(i) The percentage of researchers who do not have any product in WoS during the analysed period (2004) (2005) (2006) (2007) (2008) . Hereafter, the researchers belonging to this group will be referred to as 'silent'
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. The rationale beyond this source of heterogeneity is that academic disciplines differ because of the differences in the compositions of their mix of teaching, research and knowledge transfer activities. Accordingly, the percentage of 'silent' researchers is different across SSDs.
(ii) The fertility of their scientific production. The rationale of this source of heterogeneity is based on the differences in the habits, timings, communication practices of research results and so on, across different academic disciplines.
Hence, to obtain a general empirical law, which can model the general pattern of the distribution of the scientific performance of heterogeneous academic fields, we have to allow for a normalization that can consider both components.
Empirical investigation on the distributions
In principle, we are interested in studying the distribution of the parameter e ðe 2 fP; C; IFgÞ for each SSD. However, the available sample includes several SSDs with a small number of scholars (ranging from the most populated SSDs with a few dozen of observations to other SSDs with 4 observations). This situation leads to a very noisy histogram representation. Therefore, we decided to work on the cumulative distributions of the indicators that compose parameter e; which is the object of the following analysis. Making this choice yields the following advantages: (i) the cumulative distributions are much less noisy and offer a more stable view of the pattern because they are the integral of the distributions themselves, and (ii) the data available (of parameter e) on the cumulative distributions are based on the ranks of Sapienza's scholars in their academic fields (SSDs) at the national level and hence come from a much larger population than the analysed sample (based on Sapienza).
In Fig. 1 , we report the cumulative distribution of the Sapienza's scholars in a specific SSD, namely Information processing systems (ING-INF05), as an example. Each diamond in Fig. 1 represents a scholar and the dashed line is just a guide for the eye. On the vertical axis, we report the 'percentile' of a scholar (which indicates the percentage of the researchers of the indicated SSD that collected a number of 'products'-in this case, PUBlower than that of the specific scholar), while the horizontal axis reports the (yearly average) number of publications. As can be seen, the diamonds well cover the entire range of existence of the distribution; therefore, we can confidently claim that the 'Sapienza' sample can be profitably used to represent the real (national-level) distribution.
Since we are interested in comparing different disciplines, in Fig. 2 , we report the cumulative distribution of six different SSDs, chosen to cover different research areas. Figure 2 indicates the presence of the two sources of heterogeneity previously mentioned, that is, the existence of a number of silent researchers, whose percentage is SSD-dependent, and the diverse SSDs' scientific fertility whose fingerprints can be found in the different slopes of the cumulative distributions. Figure 2 shows that scholars from different SSDs are spread along the entire distribution and cross each other.
In Fig. 3 , we report a blow-up of Fig. 2 , which highlights the fact that different cumulative distributions cross each other, thereby preventing a simple direct comparison among different disciplines. In fact, it is clear that to scale the different SSDs' distributions into a single master curve, we should avoid such intersections. Luckily, we found that to solve this problem, it is sufficient to eliminate the silent researchers (scholars with no publications in WoS over the analyzed period) from the population, and repeat the analysis. The result is reported in Fig. 5 , where the diverse fertility of the various SSDs can still be observed; however, now their cumulative distributions no longer cross each other.
It is worth emphasizing that the observation of scholars from different SSDs crossing each other on the whole distribution (see Fig. 3 ) could be an indication that the percentage of silent scholars (B) and field fertility are not linearly correlated. Figure 4 shows that there is an inverse relationship between B and field fertility (as represented by n P , that is, the PUB required per year to be on the 50-th percentile of the specific SSD) even though this relationship has a high variability.
Finally, Fig. 6 illustrates that dividing PUB by its median value (determined graphically from Fig. 5 , at least for all the analyzed SSDs) we obtain the collapse of all the cumulative distributions on a single master curve. This result is not trivial and indicates that the distribution of the number of products has the same shape for all the SSDs, and that their only difference can be found in a single scaling parameter (leaving aside the percentage of silent researchers).
Similar results were found on investigating the distributions of CIT and IF; see To determine the scaling factors, c e;s ; for the distributions of PUB, IF, and CIT indicators, it is necessary to perform an automating procedure, that is, to choose a fitting function and set up a specific code for fitting this function to cumulative distributions.
Method employed to fit the empirical distribution
In this section, we describe the approach followed by us to find a function to fit the cumulative distributions of the empirical data.
At this stage, we are not interested in developing a theoretical model to explain the observed distributions, but in searching for a simple relationship that can be defined by a single parameter and can capture the main sources of heterogeneity, which will be used to fit the empirical data.
We are looking for a function that should verify the following conditions: x being the value of one of the bibliometric parameters analyzed, e ðe 2 fP; IF; CgÞ; the percentile of the analyzed population of a specific SSD (named s) that has the specific bibliometric parameter e is found to be well represented by a modified Boltzmann function
Let us define the functionFðx; e; sÞ that we obtain by eliminating the percentage of silent researchers in the considered SSD and settingFðx; e; sÞ to span the range between 0 and 1. This yields the following equation:
Fðx; e; sÞ ¼ Fðx; e; sÞ À BðsÞ A À BðsÞ
Equation (2) 
where dilog is the dilogarithm function defined as dilogðxÞ ¼ R 
By using the empirical law found, we can derive all the other useful information on the considered bibliometric parameters, such as the value of x that reaches the P-th percentile of the specific SSD, for any value of P.
Empirical results
In this section, we present the main empirical findings of our analysis.
It is important to reiterate that the knowledge of the distribution of the considered bibliometric parameters, e; enables us to completely describe and characterize their behavior. In fact, we can calculate their mean, median, variance, and so on by using the scaling parameter, c e;s : In the following part of this section, we report the median of the distribution as an illustration because, as stated in the Introduction, it has institutional relevance in the Italian context, and it is easier to explain for evaluation purposes.
The scaling approach proposed in this paper is useful to prove the existence of a master curve for the distribution of the bibliometric parameters ðe ¼ P; C; IFÞ of the different Italian academic fields (SSDs) and to estimate the related scaling factors. Having done this, we can use the equation of the distribution and the scaling parameters to estimate the mean, median, standard deviation and any percentile value of the national distribution of e: Using the empirical medians, calculated by SSD on the whole national database, as an alternative method is more costly (as it requires access to the full database) and is meaningful only if the distributions of the bibliometric parameters across fields have the same shape; otherwise, the obtained results may be misleading.
The whole set of available data (approximately 2,500 observations grouped into approximately 125 SSDs) is fitted to Eq. (2) using a Levemberg-Marquad least squares fitting routine (Press et al. 2007 ).
In Fig. 7 , we report some selected results of the fit to show the ability of the empirical relation (Eq. 2) to represent the data 16 . Table 1 reports the values of the bibliometric parameters (PUB, IF and CIT) required to be on the 50-th percentile for the selected SSDs illustrated in previous pictures. All the results are reported in the Tables 2-9 presented in the Appendix.
It is interesting to note that n's parameters are useful for quantitatively comparing different SSDs.
In fact, the comparison of bibliometric parameters across heterogeneous disciplines is our main research goal.
Let us consider an example. Table 1 indicates that a a mathematician belonging to the SSD MAT05 needs to publish 0.87 papers per year to reach 50 % of its distribution, whereas a physicist (FIS02) should publish 2.16 papers per year to reach the same level of 'productivity'. In other words, a mathematician with five publications per year is more productive (close to the 100th percentile; in fact, n e¼P;s¼MAT05 ¼ 0:87; hence, c P,s = MAT05 = 0.63, andFð5; P; MAT05Þ % 1) than a physicist with the same number of publications (92.5th percentile, n e¼P;s¼FIS02 ¼ 2:16; hence, c P;s¼FIS02 ¼ 1:56; Fð5; P; FIS02Þ ¼ 0:925). It is interesting that the university of Rome 'La Sapienza' uses the estimated scaling factors as normalizing factors to distribute competitive funding across academic disciplines.
Some illustrative examples of the usage of our approach
The results presented in previous sections, including the empirical law found, can be very useful in developing an empirical-based mechanism to allocate competitive funding at the university level.
The empirical law found can provide useful estimates of the average PUB and CIT (or IF) by researcher and discipline to reach the national median or any other quantile of the considered bibliometric indicator. Once the empirical law has been estimated, it can also be used by the managers of other universities; it represents an economical (because it does not require the availability of the whole database of bibliometric indicators), though rough and imperfect, way to assess and compare scientific production at the level of university, which is considered as a collection of different SSDs, grouped as Departments and Schools.
It is worth mentioning that this kind of allocation mechanism may affect the distribution of the bibliometric parameters; therefore it is necessary to update the estimation periodically, for example, every four to five years.
In the following subsection, we report two simple examples for illustrative purposes.
A Gospel based allocation mechanism
A simple example for illustrating the usefulness of our approach could be based on the parable of talents (Matthew, 25, (14) (15) (16) (17) (18) (19) (20) (21) (22) (23) (24) (25) (26) (27) (28) (29) (30) ) that has found considerable support in the empirical literature, showing that there are large cumulative advantage effects in science. According to the so called Matthew effect (Merton 1968) , the more talented scholars receive more research funds, increase their scientific production, and continue to receive even more funds. Undoubtedly, to enhance its scientific production/productivity, managers n P is the number of publications required per year to be on the 50-th percentile of the specific SSD; n IF is the average Impact factor of the journals (normalized at the subject category level) to be on the 50-th percentile of the specific SSD; n C is the average number of citations of a scholar's publications required, normalized on the Italian median. Note that the scaling factors can be obtained by simply dividing the values of n e;s by ln (4) have to allocate a large part of their competitive funds to the most productive scholars, for example, to those that are over the 75-th percentile in their specific SSD, to increasingly generate positive cumulative effects. However, according to Matthew, there is also another parable in the Gospel that has been neglected in the literature: the parable of the lost sheep (Matthew, 18, (12) (13) (14) . In our view, Italian university managers should also invest on the silent researchers (scholars who are not present in the analysed bibliometric database) and on scholars with a low level of scientific production (e.g. those who are below the 10-th percentile in their specific SSD) for various reasons. Organizational slacks may be in place. Disorganization, fragmentation, and distribution of the academic fields across different departments located in different places could be detrimental for the organization of scientific activity and its performance. Hence, it is here that the parable of the lost sheep is significant, namely the bibliometric approach proposed here could be useful for identifying those scholars who are characterized by low levels of scientific production and could offer the opportunity to investigate their activities carefully, revealing the different kinds of activities or structural problems and limitations that influence their scientific production/productivity. Some examples of these structural problems and limitations include being isolated in a heterogeneous department without having a minimum group size needed to carry out research, small SSDs that do not have their own PhD programs might suffer from the lack of sufficient size to carry out research, or small SSDs that become overloaded by teaching duties, which could be detrimental for their research productivity. According to these considerations, a part of the competitive research funds should also be allocated to researchers who were absent from the considered bibliometric database and to scholars characterized by low level of scientific production (e.g. those who are below the 10-th percentile in their specific SSD). It may be extremely useful to calibrate the quantity of resources to be distributed to scholars, including silent researchers, according to their position on the national distribution of scientific performance (from the top to the bottom percentiles). In fact, a formal model could be developed with the aim of maximizing scientific performance at university level 17 .
A 'sexenios'-like system of passes at the university level Another possible mechanism to allocate funds to university scholars at the university level could be based on the implementation of a system of passes inspired by the Spanish 'sexenios' 18 by using the empirical law estimated above, but without different disciplinary panels, as follows.
Each researcher has to obtain at least one pass, or has to justify why she/he is unable to obtain it. A bibliometric pass might be calculated automatically by the research office of the university using the empirical law estimated on the basis of PUB and CIT (or IF) per year, which is above the median of the respective SSD. Alternatively, a scholar could voluntarily ask for an alternative knowledge transfer pass, that could be obtained by showing the knowledge transfer activities conducted, research funds raised, services to the society offered, and so on. Alternatively, a scholar could voluntarily ask for a teaching pass by teaching an additional course or by carrying out other related activities. This could create a typology of academic staff and a division of labour at the SSD level, and it could enhance the university's total scientific production by enabling, for example, the more productive scientists to teach less and have more time for conducting research. This is just another example of how our approach could be useful for addressing the issue of research assessment and allocation of competitive funds at the university level.
Correlations between publications and impact indicators
In the literature, the relationships between CIT and PUB across research fields, institutes, and countries have been investigated. The production of the scientific community is characterized by cumulative advantages, known as the Matthew effect (Merton 1968; Price 1976 ). This specific feature of scientific production implies that there is a non-linear increase of impact (CIT) with increasing size (PUB), demonstrated by the finding that CIT as a function of PUB (assessed at sub-fields of science by Katz 1999 Katz , 2000 exhibits a power-law dependence with an exponent larger than one. van Raan (2008) confirmed this finding at the research group level and indicated that in a power-law relationship, CIT increases with the size (PUB) of the group and a Matthew effect (cumulative advantage) is also found at the group level. In particular, distinguishing between low-performance and top-performance groups, he found that the low-performance groups have a size-dependent cumulative advantage for receiving citations. This means that CIT 'scales' in a disproportional non-linear way, according to a power law, with the size of the group in terms of PUB.
19 Further, Costas et al. (2010) confirmed that these scaling rules also apply at the individual level. In particular, they found that CIT received by scientists increases as a function of size (PUB) in a cumulatively advantageous manner for researchers in the following three areas: Natural resources, Biology and Biomedicine and Materials Science.
In this section, we analyze the correlations among the bibliometric parameters n IF , n C and n P estimated in ''Empirical results'' section.
In fact, Fig. 8 confirms that n IF and n C are highly correlated (linear correlation, with a slope a = n IF /n C = 1.38 and a correlation coefficient r = 0.91). This strong correlation supports the choice of the Italian National Agency ANVUR to consider only one indicator between CIT and IF among the relevant bibliometric parameters. Figure 9 shows the scatterplot of n C versus n P . The scatterplot of n IF versus n P (not shown to save space) is very similar to the one of n C versus n P . Figure 9 clearly illustrates that there are considerable differences between the publication and citation practices of heterogeneous SSDs 20 . Although there is a linear relationship between n C and n P for the majority of the academic disciplines, this is not the case for Physics' SSDs (indicated as FIS in Fig. 9 ), for instance, which have higher median values of CIT and PUB compared to other SSDs, such 19 Therefore, the literature refers to 'scaling' relationships to describe the correlation between CIT and PUB. Undoubtedly, the the meaning of 'scaling' in this context is completely different from the scaling approach described in the previous sections, which was used to search for a master curve (and its related scaling factors) to compare heterogeneous academic fields. 20 This statement is confirmed by descriptive analysis, which has not been shown to save space. Interestingly, the estimated scaling factors ðc e;s Þ are useful for calculating mean, variance and median (of PUB, CIT and IF by SSD)-without requiring access to the whole underlying database-by simply multiplying c e;s with 3 as the Computer Engineering and Industrial Engineering' SSDs (indicated as ING-INF and ING-IND in Fig. 9 , respectively), which show lower median values for CIT and PUB.
From the empirical evidence shown in this section, we might conclude that either PUB and CIT or PUB and IF could be considered as reasonable indicators for a bibliometric evaluation process.
Towards a general (non-empirical) distribution law
Once we have determined the scaling factors of the scientific production for different SSDs from the study of their cumulative distributions, we can calculate the 'scaled indicators' for each scholar, that is, (e.g. in the case of e ¼ P), the number of yearly publications divided by the appropriate scaling factor already determined for the researcher's SSD. Given the existence of a master curve, these scaled indicators can be derived from a single distribution for all Sapienza's scholars. Therefore, we gain a larger statistical basis for the study of the shape of the distribution. In Fig. 10 , we show the histogram of such data in which the whole number of observations is equal to the number of scholars belonging to the SSDs with a sufficient number of observations, that is, where it has been possible to determine the scaling parameters (&2,400 observations). The histogram appears to be smooth enough to allow for a detailed shape analysis.
The solid curve reported in Fig. 10 (top panel) represents the best fit obtained by using a log-normal distribution 21 with the following law:
A similar fit performed with the derivative of the Boltzmann distribution of Eq. (2) (dashed line in Fig. 10, top panel) gives the worst agreement (normalized v 2 = 2.2 in the case of the Boltzmann distribution and v 2 = 1.1 for the log-normal distribution, although there is one more parameter in the latter case). The parameter n e in Eq. (8) is equal to the median of the distribution. The fit indicates that parameter n e is consistent with n e ¼ 1 ðn P ¼ 0:97 AE 0:05Þ, that is, its expected value, because it is the median calculated on the standardized (scaled) values. Histogram of the distribution of the indicator PUB/n P for all Sapienza's scholars plotted and binned as a function of log ðx=n e Þ. The solid curve is the fitted log-normal distribution, which, in this scale, appears as a gaussian distribution
The other parameter of the log-normal distribution is r P = 1.00 ± 0.07. To better emphasize the ability of the log-normal distribution to describe the empirical data, Fig. 10 bottom panel plots and bins the data reported in Fig. 10 top panel as a function of logðx=n e Þ, which-according to Eq. (8)-implies a gaussian shape for the histogram.
Here, it is important to note that we do not aim to analyze the origin of the observed data distribution or to validate previous empirical evidence (Radicchi et al. 2008; Evans et al. 2012; Waltman et al. 2012) on the existence of the universality of bibliometric indicators. We only show that scaling phenomena exist and scaling factors may be estimated also to compare average yearly bibliometric indicators calculated at the academic disciplinary level. Moreover, we suggest that scaling phenomena should be identified and an empirical validation of their existence should be conducted periodically. Finally, we emphasize that the empirical validation of the existence of a master curve (with its related scaling factors) is a fundamental step with regard to the research assessment usage of the scaling factors.
Nevertheless, the log-normal distribution is ubiquitously observed in many humandecision driven phenomena (from stock price in economics to city sizes in sociology). Therefore, it is not surprising that log-normal distribution also describes the bibliometric indicators of scientific production analysed in this paper. Publication strategy is in fact a mix of individual decision and group attitude.
Conclusions and further developments
We provide evidence that the distributions of the yearly average PUB, CIT and IF of Italian bibliometric academic disciplines only differ by a scaling factor, and after eliminating the percentage of silent scholars, it can be rescaled, that is, it can be collapsed to one common empirical law that follows a log-normal distribution.
We showed that our approach is particularly useful for the comparison of research production across different Italian academic disciplines at the university level. This approach can also be applied more generally at a national level. It provides a transparent and economical way for research assessment and evaluation because each university does not need to have access to the full bibliometric database, but can use the equation of the distribution and the estimated scaling factors to compare the scientific performance of its different academic disciplines.
Our study shows the usefulness of the results obtained in terms of research assessment. An interesting extension of this study could be to develop a formal model to allocate resources across SSDs, considering the whole distributions of the bibliometric indicators (PUB, IF and CIT) to maximise the scientific performance at the university level.
Moreover, it could be interesting to investigate the generative mechanism of the empirical law found for PUB, CIT and IF. In this regard, we put forward a conjecture: this generative mechanism could be a convolution of two distributions, scientific productivity and age.
Another interesting extension of the analysis would be to move from national to international comparisons, extending the investigation from the Italian university system analyzed in this paper.
All these extensions are potential topics for future research.
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Appendix
Detailed results
In this section, we present the detailed results obtained for all the SSDs with at least 10 observations, grouped by disciplinary area. n P is the number of publications required per year to reach the 50-th percentile of the specific SSD; n IF is the average Impact factor of the journals (normalized at the subject category level) to reach the 50-th percentile of the specific SSD; n C is the average number of citations of a scholar's publications normalized on the Italian median (See Fig. 11 ; Tables 2, 3 , 4, 5, 6, 7, 8, 9 
